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Abstract
We investigate the Hamiltonian formulation of f(T ) gravity and find that there are five degrees
of freedom. The six first class constraints corresponding to the local Lorentz transformation in
Teleparallel gravity become second class constraints in f(T ) gravity, which leads to the appearance
of three extra degrees of freedom and the violation of the local Lorentz invariance in f(T ) gravity.
In general, there are D − 1 extra degrees of freedom for f(T ) gravity in D dimensions, and this
implies that the extra degrees of freedom correspond to one massive vector field or one massless
vector field with one scalar field.
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I. INTRODUCTION
f(T ) gravity as an alternative to dark energy has recently received much attention in
cosmology [1–23]. It is a generalization of the teleparallel gravity (TG) [24–26] by replacing
the so-called torsion scalar T with f(T ). TG was originally developed by Einstein in an
attempt of unifying gravity and electromagnetism. The basic variables in TG are tetrad
fields eaµ, where the Weitzenbock connection rather than the Levi-Civita connection was
used to define the covariant derivative. As a result, there is no curvature but only torsion.
A vector V µ in TG is parallel transported along a curve if its projection Va = eaµV
µ remains
constant, this is the so-called teleparallelism. It is interesting that a covariant energy-
momentum tensor of gravitation can naturally be defined in the gauge context of TG [27].
f(T ) gravity is different from f(R) gravity in several aspects. Firstly, as a main advantage
compared with f(R) gravity, the equations of motion of f(T ) gravity are second-order instead
of fourth-order. Secondly, the local Lorentz invariance is violated in f(T ) gravity [18].
Therefore, extra degrees of freedom will appear. Till now, it is not clear how many extra
degrees of freedom there are in f(T ) gravity[30]. One might make a guess from the viewpoint
of symmetry. There are 16 tetrad fields eaµ in f(T ) gravity among which four ea0 are non-
dynamical, so 12 degrees of freedom remain. Like TG, f(T ) gravity is invariant under
the general coordinate transformation which again removes four more degrees of freedom.
Because the local Lorentz invariance is violated in f(T ) gravity, unlike TG, there is no further
local gauge symmetries which can be used to eliminate degrees of freedom. Therefore, one
might guess that there are totally eight (or six extra) degrees of freedom in f(T ) gravity.
However, it is not the case. The key point lies in the fact that there are second class
constraints in f(T ) gravity, thus the above guess fails and the degrees of freedom should be
fewer than eight. To find out the number of degrees of freedom in f(T ) gravity, we need
to analyze the constraint structure strictly. To the best of our knowledge, the Hamiltonian
formulation is our first choice to derive the number of degrees of freedom[31]. In this paper,
we analyze the constraint structure of f(T ) gravity and find that there are totally five degrees
of freedom. A simple interpretation of this result is that the six first class constraints
corresponding to the local Lorentz transformation in TG turn into second class in f(T )
gravity, thus three extra degrees of freedom emerge in f(T ) gravity.
The paper is arranged as follows. In Sec. 2, we give a brief review of f(T ) gravity. In
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Sec. 3, we establish the Hamiltonian formulation of f(T ) gravity. In Sec. 4 and Sec. 5, we
analyze the degrees of freedom of f(T ) gravity in 4D and 3D, respectively. At the end of
Sec. 5, we briefly discuss the the degrees of freedom of f(T ) gravity in D dimensions. We
conclude in Sec. 6.
II. BRIEF REVIEW OF f(T ) GRAVITY
Let us start with some definitions. eaµ are tetrad fields and gµν is the spacetime metric.
They are related with each other by ηab = eaµebνg
µν = (−1, 1, 1, 1) and gµν = eaµηabebν ,
where a and µ are the internal space and spacetime indices, respectively. “a” runs from 0
to 3, and µ = 0, i, “i” runs from 1 to 3. Taµν = ∂µeaν − ∂νeaµ are torsion fields and T is
defined as
T = ΣabcTabc, Σ
abc =
1
4
(T abc + T bac − T cab) + 1
2
(ηacT dbd − ηabT dcd ). (1)
The Lagrangian density of f(T ) gravity is
L = −ef(T ), (2)
where we have set the Newton constant G = 1
16pi
, e = |eaµ| = √−g. In TG, T is written as
T = −R − 2∇µT ν µν , (3)
where R and∇µ are the Ricci scalar and covariant derivative in Einstein gravity, respectively.
Since ∇µT ν µν is not a local Lorentz scalar, f(T ) gravity has no local Lorentz invariance and
thus it has more degrees of freedom than that of TG which is equivalent to Einstein gravity.
One can also argue that there are extra degrees of freedom for f(T ) gravity by analyzing
the equation of motion [18],
Hµν = f
′(T )(Rµν − R
2
gµν) +
1
2
gµν [f(T )− f ′(T )T ] + 2f ′′(T )Σνµρ∇ρT = 1
2
Θµν , (4)
where Θµν is the stress-energy tensor of matter. For simplicity, the action of matter field is
supposed to have the local Lorentz invariance, and therefore Θµν is symmetrical [18]. There
are six extra equations
H[µν] = 2f
′′(T )Σ[νµ]ρ∇ρT = 0 (5)
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in f(T ) gravity, thus it is expected that there are more physical degrees of freedom. Natu-
rally, one may guess that there are six extra degrees of freedom, however, it is not the case.
In fact, as we will show in Sec. IV, there are only three extra degrees of freedom, which
implies that not all of the equations (eq. (5)) contribute to the dynamics of the tetrad fields.
To find out the number of the physical degrees of freedom, we shall analyze the structure
of constraints of f(T ) gravity in the next section. For simplicity, let us rewrite the f(T )
Lagrangian density (eq. (2)) in an equivalent form
L = −e[f(ϕ) + φ(T − ϕ)], (6)
where ϕ and φ are two auxiliary fields. The variation of the action with respect to ϕ leads
to the field equation
φ =
∂f(ϕ)
∂ϕ
. (7)
Using the above equation, we can solve ϕ in terms of φ for every given function f . Substi-
tuting the solution ϕ(φ) into eq. (6), we can get an equivalent Lagrangian density
L = −e[φT + V (φ)], (8)
which contains only one auxiliary field φ. We do not need to know the exact form of V (φ)
since it is irrelevant to our analysis of constraint structure. We shall focus on the Lagrangian
density eq. (8) in the following sections.
To end this section, let us briefly discuss the conformal rescaling of the action of f(T )
gravity. It is well known that the action of f(R) gravity
S =
∫
d4x
√−gf(R) (9)
is equivalent to the Einstein gravity with a scalar field
S =
∫
d4x
√
−g˜[R˜− 1
2
∂µφ˜∂µφ˜− V (φ˜)], (10)
if we perform conformal transformation g˜ab = f
′gab and φ˜ =
√
3 ln f ′, V (φ˜) = Rf
′−f
(f ′)2
. Simi-
larly, performing the conformal transformation e˜aµ =
√
φeaµ and φ˜ =
√
3 lnφ, V (φ˜) = V (φ)
φ2
,
we can rewrite the action eq. (8) in the following form
S =
∫
d4x
√
−g˜[R˜ + 1
2
∂µφ˜∂µφ˜− V (φ˜)− 2√
3
T˜ νµν∂µφ˜], (11)
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where we have used formulas e =
√−g and T = −R−2∇µT ν µν . Note that the kinetic energy
term of scalar φ˜ in the above action has a wrong sign which seems to lead to instabilities.
The last term in the above action is not a local Lorentz scalar which is a reflection of the
violation of the local Lorentz invariance in f(T) gravity.
The above action may realize a kind of Higgs mechanism, so that a vector in eaµ becomes
a massive dynamic vector. Thus, it is possible that the general f(T ) gravity contains a
massless spin two graviton and a massive vector.
III. HAMILTONIAN FORMULATION OF f(T ) GRAVITY
Following the procedure developed in refs. [28, 29], we analyze the Hamiltonian formula-
tion of f(T ) gravity in this section. From the Lagrangian density eq.(8), we can derive the
momenta conjugate to eaµ and φ, respectively,
Πaµ =
∂L
∂(∂0eaµ)
= −4φeΣa0µ, (12)
π =
∂L
∂(∂0φ)
= 0. (13)
There are eleven primary constraints in the above equations
Γab = Πab − Πba + 2φe [eamebjT 0mj − (eameb0 − ebmea0)T jmj] ≈ 0, (14)
Πa0 ≈ 0, (15)
π ≈ 0. (16)
The derivation of constraints eq. (14) is very complicated, please refer to ref. [28] for details.
Constraints eqs. (15) and (16) are obvious. Since the Lagrangian density eq. (8) contains no
time derivatives of ea0 and φ, their conjugate momenta eqs. (15) and (16) vanish. We can
derive the primary Hamiltonian density by a similar method to that given in ref. [28]. Here
we only need to replace k appearing in ref. [28] by φ and add a term of potential energy, we
give the result below:
H0 = Π
aµe˙aµ + πφ˙− L
= −ea0∂kΠak − 1
4g00
φe
(
gikgjlP
ijP kl − 1
2
P 2
)
+φe
(
1
4
gimgnjT a mnTaij +
1
2
gnjT i mnT
m
ij − gikT j jiT n nk
)
+ eV (φ), (17)
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where P ik = 1
φe
Π(ik) −∆ik, P = P ijgij , and
∆ik = −g0m(gkjT i mj + gijT k mj − 2gikT j mj)− (gkmg0i + gimg0k)T j mj . (18)
The total Hamiltonian density is given by
H = H0 + λabΓ
ab + λπ, (19)
where λab and λ are Lagrange multipliers. We have ignored the Lagrange multipliers corre-
sponding to Πa0 because Πa0 are first class constraints in view of the non-dynamical character
of tetrad fields ea0 ( We have checked that adding Lagrange multipliers corresponding to
Πa0 do not affect the conclusions of this paper ).
The basic Poisson brackets of the canonical variables are
{eaµ(x),Πbν(y)} = δbaδνµδ3(x− y),
{φ(x), π(y)} = δ3(x− y), (20)
with which we can calculate the Poisson brackets of two arbitrary fields.
Now let us begin to search for secondary constraints. From {Πa0, H} ≈ 0, we can derive
four secondary constraints
Ca = −∂kΠak + eea0V (φ) + ea0
[
− 1
4g00
φe
(
gikgjlP
ijP kl − 1
2
P 2
)
+φe
(
1
4
gimgnjT b mnTbij +
1
2
gnjT i mnT
m
ij − gikTm miT n nk
)]
− 1
2g00
φe
(
gikgjlγ
aijP kl − 1
2
gijγ
aij P
)
− φe eai
(
g0mgnjT b ijTbmn
+gnjT 0 mnT
m
ij + g
0jT n mjT
m
ni − 2g0kTm mkT n ni − 2gjkT 0 ijT n nk
)
(21)
where γaij is defined by
γaij = − 1
2ke
(eaieb0ecjΓbc + e
ajeb0eciΓbc)− eak
[
g00(gjmT i km + g
imT j km + 2g
ijTm mk)
+ g0m(g0jT i mk + g
0iT j mk)− 2g0ig0jTm mk + (gjmg0i + gimg0j − 2gijg0m)T 0 mk
]
.
(22)
It is interesting that Ca can be written in the following form
Ca = ea0H0 + e
aiHi, (23)
Hi = −ebi∂kΠbk − ΠbkTbki. (24)
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For TG, there are no further secondary constraints, and all the constraints Γab, H0, Hi,
and Πa0 are first class [28]. Γab are the generators of six local Lorentz transformations,
and H0, Hi are that of four general coordinates transformations. Π
a0 can be used to fix the
tetrad fields ea0, which is consistent with the fact that ea0 are not dynamical fields. Thus,
the physical degrees of freedom of TG are 2n−2m−l
2
= 2, where “n = 16” is the number of
fields, “m = 14” is the number of first class constraints, and “l = 0” is the number of second
class constraints.
We note that the situation is very different for f(T ) gravity. Poisson brackets between
Γab, H0, and π no longer vanish because φ is now a function rather than a constant, which
is different from the case of TG. We shall make a careful analysis for f(T ) gravity in the
next section.
IV. DEGREES OF FREEDOM OF f(T ) GRAVITY IN 4D
We calculate the Poisson brackets among Γab, Πa0, H0, Hi, and π, and give one very
complicated secondary constraint for f(T ) gravity in 4D. We analyze the structure of
constraints and find that there are five degrees of freedom in all.
Since Πa0 andHi are independent of φ and π, similar to ref. [28], Poisson brackets between
Πa0, together with Hi, and the other constraints still vanish. The other non-vanishing
Poisson brackets are listed below:
{Γab(x),Γcd(y)} ≈ [−ηacGbd − ηbdGac + ηbcGad + ηadGbc] δ3(x− y), (25)
{Γab(x), π(y)} ≈ 2e [eamebjT 0mj − (eameb0 − ebmea0)T jmj] δ3(x− y), (26)
{H0(x),Γab(y)} ≈ −
[
e
g00
(gikgjl − 1
2
gijgkl)P
kl
(
eamebjg0i − ebmeajg0i
−(eameb0 − ebmea0)gij + (eajebo − ebjea0)gim
)
+2e
(
eanebjTmnj − (eanebm − ebneam)T jnj
)]
∂mφδ
3(x− y), (27)
{π(x), H0(y)} ≈
[
1
4g00
e
(
gikgjlP
ijP kl − 1
2
P 2
)
− 1
2φg00
(gikgjl − 1
2
gijgkl)P
klΠij − e∂V (φ)
∂φ
−e
(
1
4
gimgnjT a mnTaij − 1
2
gnjT i mnT
m
ij − gikT j jiT n nk
)]
δ3(x− y),
(28)
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where Gbd = 2e(ebmed0 − edmeb0)∂mφ in eq. (25), and ‘≈’ denotes the Dirac’s weak equality.
Eqs. (25)-(27) imply that the local Lorentz invariance is violated.
Now let us begin to search for other secondary constraints. The consistency of constraints
H0, Γ
ab and π requires
{H0, H} = {H0, H0}+ {H0,Γcd}λcd + {H0, π}λ ≈ 0,
{Γab, H} = {Γab, H0}+ {Γab,Γcd}λcd + {Γab, π}λ ≈ 0,
{π,H} = {π,H0}+ {π,Γcd}λcd ≈ 0. (29)
We want to mention that the second equation above is equivalent to the field equation
eq. (5), and the third equation is equivalent to ∂V (φ)
∂φ
+ T = 0. There are eight equations
but only seven unknown quantities λcd and λ, thus it is expected that we can derive one
secondary constraint from the above equations. It is indeed the case. For simplicity, we use
Γi = e 0a e
i
b Γ
ab and Γij = e ia e
j
b Γ
ab instead of Γab in the following calculations, and note that
{Γi,Γj} ≈ 0, {H0,Γi} ≈ Π(im)∂m ln(φ). Define
yi = {H0,Γi}, y4 = {H0,Γ12}, y5 = {H0,Γ13}, y6 = {H0,Γ23}, (30)
x0 = {H0, π}, xi = {Γi, π}, x4 = {Γ12, π}, x5 = {Γ13, π}, x6 = {Γ23, π},
(31)
Ai1 = {Γi,Γ12}
≈ 2e [g0i(g01g2m − g02g1m) + g1i(g0mg02 − g2mg00)− gi2(g0mg01 − g1mg00)] ∂mφ,
Ai2 = {Γi,Γ13}
≈ 2e [g0i(g01g3m − g03g1m) + g1i(g0mg03 − g3mg00)− gi3(g0mg01 − g1mg00)] ∂mφ,
Ai3 = {Γi,Γ23}
≈ 2e [g0i(g02g3m − g03g2m) + g2i(g0mg03 − g3mg00)− gi3(g0mg02 − g2mg00)] ∂mφ,
(32)
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B12 = {Γ12,Γ13}
≈ 2e [g12(g1mg03 − g3mg01)− g11(g2mg03 − g3mg02) + g13(g2mg01 − g1mg02)] ∂mφ,
B13 = {Γ12,Γ23}
≈ 2e [g22(g1mg03 − g3mg01)− g12(g2mg03 − g3mg02)− g23(g1mg02 − g2mg01)] ∂mφ,
B23 = {Γ13,Γ23}
≈ 2e [g23(g1mg03 − g3mg01)− g33(g1mg02 − g2mg01) + g13(g3mg02 − g2mg03)] ∂mφ,
(33)
we can rewrite Eq. (29) in a compact form
MΛ = 0, (34)
where Λ = (1, λ1, λ2, λ3, λ4, λ5, λ6, λ)
T , λi = ea0ebiΓ
ab, λ4 = ea1eb2Γ
ab, λ5 = ea1eb3Γ
ab, λ6 =
ea2eb3Γ
ab and matrix M is given by
M =


0 y1 y2 y3 y4 y5 y6 x0
−y1 0 0 0 A11 A12 A13 x1
−y2 0 0 0 A21 A22 A23 x2
−y3 0 0 0 A31 A32 A33 x3
−y4 −A11 −A21 −A32 0 B12 B13 x4
−y5 −A12 −A22 −A32 −B12 0 B23 x5
−y6 −A13 −A23 −A33 −B13 −B23 0 x6
−x0 −x1 −x2 −x3 −x4 −x5 −x6 0


. (35)
Because Eq. (34) has a nonzero solution Λ = (1, λ1, λ2, λ3, λ4, λ5, λ6, λ)
T , the determinant
of matrix M should vanish. Thus, we get one constraint | M |≈ 0. It is too complicated to
use | M | as a secondary constraint, therefore we try to simplify it. Note that M is an 8× 8
antisymmetric matrix whose determinant can be written as D2 where D is a function of the
elements of M . Applying eqs. (32) and (33), we find that x0 does not contribute to | M |.
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Now, we can express the secondary constraint as
π1 =
√
|M | |x0=0
= y1
[
(A33B12 −A32B13 + A31B23)x2 − (A23B12 − A22B13 + A21B23)x3
+(A23A32 − A22A33)x4 − (A23A31 −A21A33)x5 + (A22A31 −A21A32)x6
]
+y2
[
−(A33B12 − A32B13 + A31B23)x1 + (A13B12 − A12B13 + A11B23)x3
−(A13A32 −A12A33)x4 + (A13A31 −A11A33)x5 − (A12A31 − A11A32)x6
]
+y3
[
(A23B12 −A22B13 + A21B23)x1 − (A13B12 − A12B13 + A11B23x2)
+(A13A22 − A12A23)x4 − (A13A21 −A11A23)x5 + (A12A21 −A11A22)x6
]
+y4
[
−(A23A32 − A22A33)x1 + (A13A32 − A12A33)x2 − (A13A22 −A12A23)x3
]
+y5
[
(A23A31 −A21A33)x1 − (A13A31 − A11A33)x2 + (A13A21 − A11A23)x3
]
+y6
[
−(A22A31 − A21A32)x1 + (A12A31 − A11A32)x2 − (A12A21 −A11A22)x3
]
,
(36)
which is a very complicated formula. In general, the constraint π1 takes the form
C(mnl)∂mφ∂nφ∂lφ = 0, where C
(mnl) is independent of the space derivatives of Πai, φ, Taij . If
the metric gµν has only diagonal elements, π1 can be highly simplified as
(Π(mn)gilgjhgkgT 0hg − Π0mgingjhgkgT lhg)ǫijk∂mφ∂nφ∂lφ = 0. (37)
Since M is an 8 × 8 antisymmetric matrix with zero determinant, the rank of M is 6.
Thus, after imposing π1 = 0, there are only six independent equations in eq. (34) for seven
Lagrange multipliers. The consistency condition of constraint π1
{π1, H} = {π1, H0}+ {π1,Γcd}λcd + {π1, π}λ ≈ 0 (38)
leads to another equation for the Lagrange multipliers. We shall prove in the appendix that
eq. (38) together with eq. (34) provides seven independent equations for the seven Lagrange
multipliers λab and λ. As a result, all the Lagrange multipliers can be determined and there
are no further secondary constraints.
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We turn to analyze the structure of constraints. In order to find out the number of degrees
of freedom in f(T ) gravity, we do not need to calculate the Poisson brackets between π1
and the other constraints Γab, π, Πa0, H0, Hi because the calculation is highly complicated
due to eq. (36). With the results at hand, we are ready to give the number of degrees of
freedom. Let us recall that the Poisson brackets between (Πa0, Hi, H) and (Γ
ab, π) are zero.
Consequently, the Poisson brackets among all the constraints (π1, π,Γ
ab,Πa0, Hi, H) take the
following form
N =


0 {π1, π} {π1,Γab} {π1,Πa0} {π1, Hi} 0
{π, π1} 0 {π,Γab} 0 0 0
{Γcd, π1} {Γcd, π} {Γcd,Γab} 0 0 0
{Πa0, π1} 0 0 0 0 0
{Hi, π1} 0 0 0 0 0
0 0 0 0 0 0


.
}
8
}
8
︸ ︷︷ ︸
8
︸ ︷︷ ︸
8
This is a 16×16 antisymmetric matrix. The top left corner of it must be an 8×8 nonsingular
matrix, otherwise, we would not solve all of the Lagrange multipliers. The lower right corner
is an 8× 8 zero matrix. The lower left quarter, denoted by Nll, is an 8× 8 matrix with the
non-vanishing first line only. Obviously, the rank of Nll is at most 1, we can turn it into a
matrix with only the non-vanishing element, denoted as Nll(11), by applying the elementary
transformations of matrices. In addition, we can make a similar treatment to the top right
corner of N . Therefore, the non-zero part of N becomes a 9 × 9 antisymmetric matrix in
the top left corner whose rank is eight, which will be shown below. Now it is clear that the
rank of N is eight. 

0 {π1, π} {π1,Γab} −Nll(11) 0 0
{π, π1} 0 {π,Γab} 0 0 0
{Γcd, π1} {Γcd, π} {Γcd,Γab} 0 0 0
Nll(11) 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


.
The above discussions show that there are eight second class constraints (Γab, π, π1) to-
gether with eight first class constraints, thus the degrees of freedom of f(T ) gravity are
11
2n−2m−l
2
= 5, where “n = 17” is the number of fields, “m = 8” is the number of first class
constraints and “l = 8” is the number of second class constraints. This conclusion is consis-
tent with the physical analysis of f(T ) gravity: The action of f(T ) gravity is invariable under
the general coordinate transformation, and ea0 are not dynamical fields. Similar to TG, four
of the eight first class constraints correspond to the general coordinate transformation of
f(T ) gravity; the rest four first class constraints can be used again to fix the non-dynamical
fields ea0. Two of the second class constraints (π, π1) can be used to eliminate the auxil-
iary field φ introduced in the action eq. (8), and the existence of the other six second class
constraints (Γab) implies that the local Lorentz invariance is violated completely.
V. DEGREES OF FREEDOM OF f(T ) GRAVITY IN 3D
In this section, we establish the Hamiltonian formulation of f(T ) gravity in 3D. It is
slightly different from the case in 4D, as we shall show, since there is no constraint like π1,
the structure of constraints is much simpler. We find that there are six first class constraints
(H,Hi,Π
a0), a = 0, 1, 2, i = 1, 2, together with four second class constraints (Γ1,Γ2,Γ12, π)
in all, thus the degrees of freedom are two.
Following the procedure developed in Set.III, we can derive all the ten constraints
(H0, Hi,Π
a0,Γ1,Γ2,Γ12, π), where “a” runs from 0 to 2 and i = 1, 2. The Poisson brackets
between those constraints are the same as those in 4D, see eqs. (25)-(28). Similarly, when
we define
yi = {H0,Γi}, y3 = {H0,Γ12}, (39)
x0 = {H0, π}, xi = {Γi, π}, x3 = {Γ12, π}, (40)
Ai = {Γi,Γ12}
≈ 2e[g0i(g01g2m − g02g1m) + g1i(g0mg02 − g2mg00)− gi2(g0mg01 − g1mg00)]∂mφ, (41)
we can rewrite the self-consistent equations eq. (29) in a compact form
M3DΛ3D = 0, (42)
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where Λ3D = (1, λ1, λ2, λ3, λ)
T and M3D is define by
M3D =


0 y1 y2 y3 x0
−y1 0 0 A1 x1
−y2 0 0 A2 x2
−y3 −A1 −A2 0 x3
−x0 −x1 −x2 −x3 0


. (43)
Since eq. (42) has one non-zero solution Λ3D, the determinant of M3D should vanish, which
is satisfied automatically because M3D is a 5 × 5 antisymmetric matrix. Thus, unlike the
case in 4D, there is no further constraint for f(T ) gravity in 3D. The rank of M3D is four,
which means that there are four independent equations for the four Lagrange multipliers.
We can derive all the Lagrange multipliers as follow:
λ1 =
A2x0 + x3y2 − x2y3
A1x2 − A2x1 , (44)
λ2 =
−A1x0 − x3y1 + x1y3
A1x2 − A2x1 , (45)
λ3 =
y1x2 − y2x1
A1x2 − A2x1 , (46)
λ =
A1y2 − A2y1
A1x2 − A2x1 . (47)
Since we are interested in the most general case, we require A1x2 − A2x1 6= 0 here. Now it
is clear that Γ1,Γ2,Γ12, π are second class constraints while H,Hi,Π
a0 (Note that it is H ,
not H0) are first class constraints. Therefore, the degrees of freedom is two for f(T ) gravity
in 3D.
The discussions in this section and the above section can be extended to the case in
dimensions higher than two. In general, there are D(D−3)
2
+ D − 1 degrees of freedom for
f(T ) gravity in D dimensions. Since the calculations are very complicated, we only show
some key points here. Firstly, one should note that the rank of the D(D−1)
2
× D(D−1)
2
matric
eq. (25) is 2(D − 2). Thus, from the second equation of eq. (29) one can determine the
Lagrange multiplier λ and derive D(D−1)
2
− 2(D − 2) − 1 secondary constraints. Secondly,
note that those secondary constraints contains the constraint like π1 =
√| M | eq. (36). One
can check that in 4 dimensions the constraint derived from the second equation of eq. (29)
and square root of the determinant of M eq. (36) are exactly the same. So, after imposing
those secondary constraints and substituting λ into eq. (29), there are 2(D− 2) + 1 instead
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of 2(D − 2) + 2 independent equations for D(D−1)
2
Lagrange multipliers λab. Thirdly, the
consistency condition of those secondary constraints lead to D(D−1)
2
− 2(D − 2) − 1 more
equations for Lagrange multipliers λab. Thus, all the all the Lagrange multipliers can be
determined and there are no further secondary constraints. Finally, there are 2D first class
constraints and D(D− 1)− 2(D− 2) second class constraints, so the degree of freedoms are
D(D−3)
2
+D−1 for f(T ) gravity in D dimensions which implies that the D−1 extra degrees
are one massive vector field or one massless vector field with one scalar field. Incidentally,
there are no independent degrees of freedom for f(T ) gravity in 2D (Since T = 0 and
Σµνρ = 0 in 2D, it should be mentioned that Ferraro and Fiorini also observed [22] the lack
of dynamics in 2D f(T ) gravity.).
VI. CONCLUSIONS
We have established the Hamiltonian formulations of f(T ) gravity. In 4D, we find that the
six first class constraints corresponding to the local lorentz invariance in TG become second
class constraints in f(T ) gravity, which implies that there are three extra degrees of freedom
and the local lorentz invariance is broken completely. In 3D, the constraint structure is
much simpler and the independent degrees of freedom are two. In addition, there are D− 1
extra degrees of freedom for f(T ) gravity in D dimensions which implies that the extra
degrees of freedom correspond to one massive vector field or one massless vector field with
one scalar field. From the conformal rescaling of the action eq. (2.11), we observe that the
vector degrees of freedom might emerge from some kind of Higgs mechanism. This problem
needs further study in the future. We hope our results will give some guidance for the
cosmological perturbations of f(T ) gravity, where the gauge conditions and extra degrees
of freedom should carefully be treated when compared with Einstein gravity. Besides, the
extra degrees of freedom are expected to play the role of dark energy in f(T ) gravity. More
studies on the properties of the extra degrees of freedom are needed, such as whether the
extra degrees of freedom correspond to vector fields, and whether the fields are stable, and
so on, based on which one may obtain more insights into the behaviors of dark energy in
f(T ) gravity.
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Appendix
We shall prove that all the Lagrange multipliers can be determined from eq. (34) and
eq. (38), thus there is no further secondary constraint. The exact result of eq. (38) is highly
complicated due to eq. (36), however, it is not necessary to derive eq. (38) exactly. Let us
adopt a technique of calculation to overcome this difficulty.
Recall the results obtained in Set.IV. From eq. (34), we can derive one secondary con-
straint π1 and obtain six independent equations for the seven Lagrange multipliers. Without
the loss of generality, we can express all the other Lagrange multipliers in terms of λ5. Sub-
stituting the Lagrange multipliers into eq. (38),
{π1, H} = {π1, H0}+ {π1,Γcd}λcd + {π1, π}λ ≈ 0, (48)
we can get one equation for λ5 in the general form
C = (B + Ei∂i)λ5 (49)
Only under the very strict conditions B = Ei = 0 can we derive another secondary constraint
C = 0, otherwise we can solve λ5 from the above equation. Note that only the terms {π1,Γcd}
contribute to Ei. In view of π1 = C
(mnl)∂mφ∂nφ∂lφ, where C
(mnl) is independent of the terms
such as ∂jΠ
ak, ∂iTajk and ∂kφ, and it is linear to the product of Π
ai and Taij , we find that
Ei must take the form of Eimnl∂mφ∂nφ∂lφ, where E
imnl contains no derivatives of Πak, Tajk
and φ. If Ei does not vanish automatically, we cannot make it vanish by imposing the
constraints H0, Hi, Γ
ab, and π1. Since H0 and Hi contain the derivative of Π
ak, they are
independent of Ei. Because Γab contains no terms related to ∂mφ it is also independent of
Ei (Note that though ∂mΓ
ab contains the derivative of φ, it also contains the derivatives of
Πak and Tajk. Thus, we cannot use functions constructed from Γ
ab and its derivatives to
eliminate Ei). Only π1 can be used to eliminate E
i, but there is only one π1 which cannot
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eliminate all Ei. We shall show below that Ei is non-vanishing, therefore there is no further
secondary constraint and we can derive all the Lagrange multipliers.
Suppose that we have derived Ei = Eimnl∂mφ∂nφ∂lφ and B strictly by applying the
complicated expression of π1 eq. (36). Then, imposing the condition that gµν is diagonal, we
can simplify Ei , B and obtain A′i , B′. If E ′i is non-vanishing, so is Ei. In order to derive
E ′i, we do not need to use the exact form of π1. In fact, eq. (37) is enough. Consequently,
our technique is to apply eq. (37) to derive E ′i. It should be stressed that if we want to
derive the correct B′, we must preserve the first order of the non-diagonal parts of gµν for
π1. However, for the derivation of E
′i, the zero order of non-diagonal parts of gµν is enough.
Note that the condition gµν is diagonal is not a gauge, but our technique of calculation. We
impose only this condition at the end of the calculations to simplify the results.
Under the condition that guv is diagonal, we can derive
E ′i = −hi5 +
A12
A11
hi4 +
A32
A33
hi6 −
(
−hi2 +
A21
A11
hi1 +
A23
A33
hi3
) −x5 + x4A12A11 + x6A32A33
−x2 + x1A21A11 + x3A23A33
, (50)
where h i∗ is defined by
{Γj(x), π1(y)} = −h ij (x)∂xiδ(x− y) + · · · ,
{Γ12(x), π1(y)} = −h i4 (x)∂xiδ(x− y) + · · · ,
{Γ13(x), π1(y)} = −h i5 (x)∂xiδ(x− y) + · · · ,
{Γ23(x), π1(y)} = −h i6 (x)∂xiδ(x− y) + · · · , (51)
where the above ‘· · · ’ stand for the terms without the derivative of the delta function.
Substituting π1 eq. (37) into the above equations, we can derive all the h
i
∗ . After some
tedious calculations, we find that Ei eq. (50) does not vanish even imposing all of the
constraints. As a result, we can solve all the Lagrange multipliers and there are no further
secondary constraints.
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